The electronic structure of cerium oxide is investigated here using a combination of ab initio one-electron theory and many-body physics, with emphasis on the nature of the 4f electron shell of cerium ions. We propose to use the hybridization function as a convenient measure for the degree of localization of the 4f shell of this material, and observe that changing the oxidation state is related to distinct changes in the hybridization between the 4f shell and ligand states. The theory reveals that CeO 2 has essentially itinerant 4f states, and that in the least oxidized form of ceria, Ce 2 O 3 , the 4f states are almost (but not fully) localized. Most importantly, our model points to that diffusion of oxygen vacancies in cerium oxide may be seen as polaron hopping, involving a correlated 4f electron cloud, which is located primarily on Ce ions of atomic shells surrounding the vacancy. PACS numbers: 71.15Mb, 71,20Dg, 72.15Rn,77.84.Bw, 1 arXiv:1810.13211v1 [cond-mat.mtrl-sci]
I. INTRODUCTION
Cerium oxide, or ceria, is a material famous for its ability to easily change oxidation state of Ce ions depending on their local chemical environment. As a result it is a suitable choice for a variety of applications, from oxygen storage in three-way catalytic convertors to fuel cells. Experimental and theoretical research on ceria has been very active for a few decades [1] [2] [3] .
One of the main theoretical challenges in describing ceria-based materials is the proper description of f-electron orbitals, bands, and their occupation. This has resulted in many publications related to the valence and f-electron configuration [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Most researchers agree that Ce ions in the least-oxidized form of ceria, Ce 2 O 3 , ought to have about one, essentially localized 4f-electron. However, it is highly debated whether the 4f electron is completely delocalized in the most-oxidized form of ceria, CeO 2 . The question concerns whether the configuration is 4f 0 or a partial charge remains localized and a mixed-valent configuration is realized [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . The latter option was supported by theoretical studies reporting that CeO 2 either would have 0.5 f-electrons localized 6 or it should be in an intermediate valence state 9 .
However, the results of an optical absorption experiment 4 appeared to impose a limit of at most 0.05 localized f-electrons in CeO 2 favoring a purely f 0 electronic configuration. A problem with reaching a full understanding of the electronic structure of ceria, is that it becomes increasingly difficult to implement more sophisticated approaches to treat both, the most and least oxidized forms of cerium oxides, consistently. It should nevertheless be noted that there are attempts to do it with help of the so-called LDA+U (local density approximation plus Hubbard's onsite Coulomb repulsion U) 14 or LDA+DMFT (LDA plus dynamical mean-field theory) 16 approaches.
Majority of the practically useful properties of CeO 2 , the most oxidized form of ceria, which crystallizes in the cubic fluorite structure, are related to the oxygen transport via an oxygen vacancy hopping mechanism. Though the oxygen vacancies in pure stoichiometric From the results presented here, a picture also emerges, where diffusion of oxygen vacancies in ceria may be seen as polaron hopping, involving a correlated 4f electron cloud.
II. METHODS
The electronic structure of the Ce oxides has been obtained from density functional theory employing the full potential linear muffin-tin orbital (FPLMTO) code RSPt. 19 All calculation have been performed using the AM05 20,21 parametrization of the exchange-correlation functional. For CeO 2 ( Fig. 1(b) and Ce 2 O 3 ( Fig. 1(a) ) the calculations have been carried out for the primitive cell using a k-point mesh of 16 × 16 × 16 for the cubic systems and 12 × 12 × 7 for the trigonal one and the basis functions have been expanded to l max = 8.
To study the change of the localization of the 4f states in Ce during the transformation from CeO 2 to Ce 2 O 3 and vice versa a 96 atom cubic supercell (2 × 2 × 2 CeO 2 cubic unit cells) with one oxygen vacancy has been used. In case of the supercell the k-point integration has been restricted to the Γ-point and l max was chosen to be 6 due to computational restrictions. However, a comparison between l max 8 and 6 has been made for the primitive CeO 2 cell revealing no significant differences in the results. The geometry for the reference systems has been taken from the ICS data base 22 , for CeO 2 we used ICSD reference number 164225 23 and for Ce 2 O 3 we used ICSD reference number 621708 24 . Other than the reference structures the geometry of the supercell has been relaxed using the Vienna Ab Initio Simulation Package (VASP) 25, 26 with a typical setup identical to the one used in Ref. 27 . The symmetry of the cell has been broken by introducing spin-polarization of the 4f shell on two out of the four nearest cerium neighbors of the vacancy, see Fig. 2 . It should be noted that in general, for localized electron states, electronic structure calculations should result in a spin-polarization for localized electron states. This is indeed a standard way to end up in proper ground state electronic structure avoiding higher energy metastable states with the 4f electrons uniformely distributed among the four nearest neighbors of the vacancy.
A measure for the trend in degree of itinerancy can be obtained from Anderson's impurity model, where the hybridization function (∆(E)) stands out since it describes the degree of mixing between the 4f states and ligand orbitals, primarily on oxygen atoms. To be specific, the hybridization function can be calculated from the Dyson equation
where G 0 is the site projected Green's function, calculated from density functional theory.
H in Eq. 1 corresponds to the hybridization-free impurity Hamiltonian with the quantum impurity energy E QI . We have calculated the hybridization function ∆(E) using the implementation in the RSPt code. 19 We analyze here this function and suggest that it gives important information on how the nature of the 4f states changes on a path of the reaction In a previous big data study 28 it was demonstrated that the degree of localization is reflected in ∆(E) and that the hybridization function can be used to classify materials regarding their tendency to form dispersive 4f states. In combination with a measurable quantity, such as the equilibrium volume, this material specific parameter can help to identify new materials with specific properties of the 4f shell. Here, the focus is not on predicting new properties but we use this tool to understand the changes during the phase transformation between CeO 2 and Ce 2 O 3 . These two compounds are the end points on the path that takes place in most of the technological applications of ceria. 3 Though both systems provide features of complexity of the electronic structure, there is a distinct difference between the cubic CeO 2 and the trigonal Ce 2 O 3 compound. In the later, the tendency towards localization is much more pronounced, and it is known that the observed photoemission data cannot even be captured in an LDA+U approach, but only in a DMFT-like treatment. 29 However, in order to identify trends we do not have to use the full aspects of this computationally demanding machinery. We will instead monitor the changes in the hybridization function, as discussed above. In Fig.1 we show the energy dependence of the hybridization function of the two Ce oxides. Clearly visible are the distinct differences of the ∆(E) curves. While 
B. Electronic structure around oxygen vacancies in CeO 2
After having seen in the previous section that the two Ce oxides behave very different regarding the localization of the 4f state we pose here the question whether these competing trends will be visible during the reduction from pure CeO 2 to Ce 2 O 3 . To do this we study a model system consisting of a 2 × 2 × 2 CeO 2 supercell with one oxygen vacancy, see Fig. 2 , to simulate the early stage of the transition and to study the localization depending on the distance of the vacancy. To make our model system realistic we had to take into account a symmetry breaking around the vacancy due to spin-polarization of two nearest neighboring Ce atoms, cf. from itinerant to more localized behavior of the 4f electrons occur. It is, however, clear that around an O vacancy in CeO 2 , the degree of hybridization and intermixing with ligand states is somewhere between that of pure CeO 2 and Ce 2 O 3 , and that it is not only the Ce atoms that are nearest neighbors to the vacancy that are influenced. In fact, the vacancy introduced change in the 4f wavefunction extends to rather long distances, as shown in Fig. 5 .
IV. DISCUSSION AND SUMMARY
We have presented a quantum mechanical analysis of the nature of the 4f states of CeO 2 and Ce 2 O 3 , extracting data typically used in many-body physics, with help of density func-tional theory without any adjustable parameters. In accordance with Ref. 28 , we argue that the strength of the hybridization function reveals critical information about the degree of itinerancy versus localization of the 4f shell of these two forms of cerium oxide. We find that for CeO 2 , the large strength of the hybridization correlates with the naturally itinerant electron states of this compound, while for Ce 2 O 3 we find a much weaker hybridization function which is consistent with more localized electron states. However, we find that for this phase of cerium oxide the 4f states are less localized compared to e.g γ-Ce and other Ce systems with well established localized 4f states. 28 We have also investigated how oxygen electron-electron repulsion, typically discussed in terms of the Hubbard U, producing an electronic structure that is intermediate in degree of localization and where multi-configuration (or many-body) effects play decisive role. We therefore suggest that movement of oxygen vacancies in CeO 2 is expected to drag with them a cloud of 4f states, that locally (but not limited to the first coordination shell), for Ce atoms around the vacancy, has a correlated electronic structure. This points to that oxygen diffusion in ceria is more complex than assumed in previous simple theoretical models, and that it may be seen as polaron hopping, involving a correlated 4f electron cloud that is located primarily on Ce atoms in a few nearest atomic shells surrounding the vacancy.
